Abstract: This paper presents a novel framework to determine the number of resolution levels in the application of a wavelet transformation to a rainfall time series. The rainfall time series are decomposed using the à trous wavelet transform. Then, multi-scale entropy (MSE) analysis that helps to elucidate some hidden characteristics of the original rainfall time series is applied to the decomposed rainfall time series. The analysis shows that the Mann-Kendall (MK) rank correlation test of MSE curves of residuals at various resolution levels could determine the number of resolution levels in the wavelet decomposition. The complexity of rainfall time series at four stations on a multi-scale is compared. The results reveal that the suggested number of resolution levels can be obtained using MSE analysis and MK test. The complexity of rainfall time series at various locations can also be analyzed to provide a reference for water resource planning and application.
Introduction
Many new methods and models are available for analyzing and simulating hydrological time series. In practice, studying hydrological time series is difficult because they are affected by complex factors. Each hydrological time series contains several frequency components which are governed by their own factors. Use of only single resolution components to model a hydrological time series does not allow OPEN ACCESS the easy elucidation of the internal mechanism. Wavelet-based multi-resolution analysis must be employed in the modeling of hydrological time series. Wavelet transform and multi-scale entropy can be adopted in analyzing multi-scale time series.
This investigation applies a wavelet transform and MSE to the rainfall time series. Wavelets have been extensively used in the modeling, analysis and forecasting of rainfall time series. The most important feature of a wavelet is its multi-resolution property, which increasingly is being exploited in processing images and signals. Labat [1] has reviewed the wavelet applications in the field of earth science and has illustrated new wavelet analysis methods in the field of hydrology. Partal and Kiúi [2] have combined a discrete wavelet transform with neuro-fuzzy systems to forecast precipitation. Their wavelet-neuro-fuzzy model fits observed data very closely, especially when the time series have zero precipitation in the summer months and peaks in the testing period.
Sang et al. [3] have developed a new method of hydrological series data study, main series spectral analysis (MSSA), which is based on two conventional hydrologic series analysis methods: wavelet analysis (WA) and maximum entropy spectral analysis (MESA). MSSA improves the identification of periods by effectively reducing the effect of hydrological noise. Mishra et al. [4] have exploited the concept of entropy to examine the spatial and temporal variability of precipitation time series for the state of Texas, USA. In their study, marginal entropy has been employed to elucidate the variability associated with monthly, seasonal, and annual time series. They have also used apportionment entropy to study the intra-annual and decadal distributions of monthly and annual precipitation, and used intensity entropy to study the numbers of rainy days in a year and decade. Brunsell [5] has utilized information theory metrics to determine the spatial and temporal variability of daily precipitation over the continental US. Entropy is determined from the daily precipitation records and the distribution of sizes of precipitation events. Relative entropy is also computed from the two records and the Hurst exponent is calculated for comparison. Wavelet multi-resolution analysis and relative entropy are applied to identify the breakpoint, which the Hurst exponent cannot be used to resolve.
MSE analysis is usually applied to the analysis of multi-scale time series. Entropy is commonly used to characterize the complexity of a signal. Kolmogorov-Sinai (KS) entropy can be used to represent complexity and is computed from the average production rate of new information. KS entropy is the basis of approximate entropy. Approximate entropy is effective for analyzing the complexity of short time series. Richman and Moorman [6] have defined the sample entropy which is a modification of approximate entropy. Both KS entropy and approximate entropy determined use a single scale. They neglect the characteristics when the number of scales exceeds one. Costa et al. [7] have defined and applied MSE, which is based on sample entropy and is effective in analyzing the complexity of physiological signals. Their results have demonstrated that MSE curve identified diseased hearts to have a significant decrease in the sample entropy on multiple time scales, indicating a lower degree of complexity.
The number of resolution levels to be used in the application of a wavelet transform to a rainfall time series should be determined. The smoothing of the detailed signals and the residual improve as the number of resolution levels increases. However, greater resolution level takes more models for modeling and leads to error propagation. The error, i.e., the difference between the estimation and observations, increases with the number of resolution levels. This investigation proposes a new framework for determining the number of resolution levels required in the application of a wavelet transform to rainfall time series analysis. The number of resolution levels can be determined by MSE analysis and MK test. The central concept of this study is that an original rainfall time series can be decomposed into residuals and detailed signals using redundant wavelet transforms. Then, MSE analysis and MK test is applied to the decomposed rainfall time series.
The following sections define the redundant wavelet transform, describe the structure of the MSE, present a case study of four rainfall stations in Taiwan to demonstrate the effectiveness of the presented method, and, discuss the results to draw the conclusions.
Wavelet Transform

Introduction of Wavelet Transform
The continuous wavelet transform of a continuous function outputs a continuum of scales. However, the input data are generally discretely sampled, and may be in the form of hydrological time series. The discrete wavelet transform (DWT) of a vector is the outcome of a linear transformation that yields a new vector whose dimensions are equal to those of the primeval vector. This transformation is also called decomposition and can be performed efficiently using Mallat's MRA algorithm [8] .
Nevertheless, the orthonormal DWT requires that the input data have a number of values which is an integer power of two. The number of resolution levels is naturally limited by log 2 of the number of values in the input. This limitation is inappropriate for a hydrological time series, especially during the short duration of typhoon events in Taiwan.
Aussem and Murtagh [9] have introduced the "à trous" wavelet decomposition. The fundamental idea that underlies MRA or multi-scale analysis is the application of a wavelet transform to decompose signals into different resolution levels or scales. The signal, which decomposes into coarse resolution level, is either an approximation signal or a smooth trend. The signal decomposes into fine resolution level, and is called a detailed signal. The wavelet transform can be considered as a bridge among signals at various resolution levels. In contrast, the input data of the à trous wavelet transform may take any values, such that the number of resolution levels is unlimited. Not only is this à trous wavelet transform parsimonious but the filter outputs can also be meaningfully interpreted [9] . The calculation of the wavelets is trivially performed in a cascaded scheme, and involves an appealing reconstruction formula that will be exploited.
Other advantages of the à trous wavelet transform are as follows [10] : (1) The evolution of the wavelet decomposition can be followed from level to level; (2) The algorithm generates a single wavelet coefficient series at each level of the decomposition; (3) The wavelet coefficients are computed for each location, facilitating the detection of a dominant feature; (4) The algorithm is easily implemented. Additionally, the recursive computation of this algorithm is very effective and can be achieved using filter banks [11] .
Redundant Wavelet Transform
The à trous algorithm is a redundant wavelet transform [10] [11] [12] . The wavelet transform decomposes the input hydrological time series into detailed signals and a residual (or an approximation) so the original hydrological time series is expressed as an additive combination of wavelet coefficients at various resolution levels. The procedure for decomposing the discrete hydrological time series ) (k s is to perform successive convolutions using a discrete low-pass
where i s denotes the approximation signal at revolution level i. The finest scale is used to specify the original hydrological time series x(k), i.e., 0 s (k) = x(k). The increase in distances between the sampled points ( l i 2 ) explains the application of the name "à trous" to this method [9] . A 3 B spline, defined as (1/16, 1/4, 3/8, 1/4, 1/16), is generally used in a low-pass filter c [9, 11] , to fulfill the compact support condition (required for a wavelet transform), and to be point-symmetric. Wavelet coefficients i w are obtained from determining the differences among successive smoothed versions of the signal, as shown below [9] :
Wavelet coefficients provide the "detailed" signal, which in practice can be used to capture the tiny but meaningful characteristics in the data. Such a characterization can cause information loss if the original data vector cannot be reconstructed from the wavelet components. In addition, the "residual" terms p s , representing the "background" data, are added to the wavelet coefficients. The set
represents the wavelet transform of the data, i.e., wavelet coefficients, up to a resolution level of p. Aussem and Murtagh [9] have presented the wavelet expansion of time series, in terms of wavelet coefficients:
Multi-Scale Entropy Analysis
Sample Entropy
Richman and Moorman [6] defined the so-call sample entropy which provides a measure of an "orderly structure" in a time series by testing if there are any repeated patterns of various lengths. The sample entropy is the exact value of the negative average natural log of the conditional probability. Suppose that the data length of the original time series ) ( (2),..., (1) ,
is N; the sample entropy of the time series is calculated below [6, 13] .
(I) The m-dimensional vector,
, comprises a time series, where i = 1,2,…,N -m + 1.
between X(i) and X(j) as follows.
where
between X(i) and other vector X(j),
where j= 1,2,…,N -m + 1, but j i.
that are less small than a given threshold r. Then compute the ratio of this number to the total number N í m, as follows: (VI) The theoretical sample entropy of the time series is given by:
Multi-Scale Entropy
The parameters of sample entropy are determined by a single differentiation. The sample entropy, which is used in the analysis of a single scale factor, does not include the characteristics of the time series when the number of scale factor exceeds one. Costa et al. [7] developed a multi-scale entropy analysis building upon the definition of the so call sample entropy proposed by Richman and Moorman [6] . Suppose that ) ( (2),..., (1) ,
is the original time series. The time series at various scale factors, { ) (W y }, could be obtained using the following procedure [7, 13] :
, where 
Application and Analysis
This investigation involves the Wu-Tu (No. 01B030), Lin-Nei (No. 01J930), Chia-Hsien (No. 01P660), and Tung-Men (No. 01T070) rainfall stations, located in northern, middle, southern, and eastern Taiwan, respectively, as shown in Figure 1 . The monthly rainfall data from these four rainfall stations from 1963 to 2000 are used in the case study. The series average was subtracted from the monthly rainfall time series.
The à trous redundant wavelet transform has been applied to the four monthly rainfall time series. The number of resolution levels has been set to five in advance. The original rainfall time series have been decomposed into the residuals and wavelet coefficients. The MSE analysis has then been applied to the above residuals to extract some of the hidden characteristics of the original rainfall time series.
To quantitatively determine the suggested resolution level and test the robustness of proposed method, the MK test [14] is applied to MSE curve. The graph of sample entropy as a function of Ĳ is referred to as the MSE curve, which can be interpreted as a measure of information content on multiple time series [15] . MK test is suitable to detect the obvious trend in a series using the order of data. Assume that there are N samples, X(i) ( N i , , 1 ), the standard normal variate T is defined as [14] :
where p is the number of times in all pairs of observations when X(i) is less than X(j) for i < j. 
T T !
), a statistically significant increase trend (or complexity) exists and the M-level decomposition is not suggested to carry out.
Results and Discussion
The MSE curves of the original rainfall time series at the four stations have been obtained (Figure 2 ). The scale factor Ĳ, the number of dimensions m and threshold r are 10, 2 and 0.15 SD (Standard Deviation), respectively [13] . To quantitatively compare the rainfall characteristics among the regions, the MSE analyses for the four stations have been obtained (Table 1) . Table 1 The original time series can be decomposed into the residual S1 and the wavelet coefficient W1. The residual S1 can be decomposed again. The suggested number of resolution levels for a wavelet transform to a rainfall time series should be determined. An MSE analysis of the residuals at various resolution levels (from 1 to 5) for each station is conducted to determine the number of resolution levels. The scale factor, the number of dimensions, and threshold are 10, 2, and 0.15 SD, respectively [13] . S0 denotes the original rainfall time series. S1, S2, S3, S4 and S5 represent the residual with one, two, three, four, and five resolution levels, respectively. The MSE curves of various residuals for the four rainfall stations are shown in Figures 3-6 . The number of resolution levels should be determined when applying a wavelet transform to the hydrological time series modeling or rainfall-runoff processes. The smoothing of the detailed signals and the residual improve as the number of resolution levels increases. However, a greater resolution level takes more models for modeling and leads to the error propagation. The error, i.e., the difference between the estimation and observations, increases with the number of resolution levels. Therefore, the number of resolution levels used in the wavelet decomposition need to be accurate. Table 2 shows the standard normal variate of different MSE curves at the four stations. When entropy measure of the residual at M-level increases with scale factor (i.e., 2 / 05 . 0
T T !
) the M-level decomposition does not carry out. The suggested resolution levels for the four rainfall stations are shown in the last column of Table 2 . To test the robustness of MSE results, the same analyses have also been performed via removing 25% of the time series (Table 3 To illustrate the influence of the sampling rate on MSE results, the same analyses have also been repeated with bi-monthly data ( Table 4) . The results for all four rainfall stations have not changed. To test the robustness of MSE results, the same analyses have also been performed for r = 0.20SD (Table 5) The same analyses have also been performed for m = 3 and r = 0.25SD (Table 6) , with no change of results at all four rainfall stations. In this study, the MSE values with m = 2 and r = 0.15SD can be used to robustly determine the suggested number of resolution levels. 
Conclusions
The à trous redundant wavelet transform has been used to decompose monthly rainfall time series. Then, MSE analysis has been applied to residuals at various resolution levels to yield the sample entropy of residuals at different scale factors at stations Wu-Tu, Lin-Nei (located in northern and middle Taiwan), Chia-Hsien, and Tung-Men (located in southern and eastern Taiwan) rainfall stations. Based on MSE analysis, the number of resolution levels in the wavelet transformation of rainfall time series can be determined according to MK test. The suggested number of resolution levels is 3 for Wu-Tu and Lin-Nei and 4 for Chia-Hsien and Tung-Men.
Rainfall time series study is difficult because such series are governed by complex factors. The results obtained via conventional rainfall models are overall results that cannot readily be used to explore the internal dynamic mechanism of the rainfall model. The original rainfall time series has components at various resolution levels, which are been determined by wavelet decomposition. The à trous wavelet transform used in this research is redundant and can provide detail signals in terms of wavelet coefficients to captures small ''features'' of the data with interpretational value. In addition, the data length of the decomposed components is the same as that of original rainfall time series, and so is suitable for MSE analysis of monthly rainfall time series at all resolution levels.
The analysis of sample entropy with a single scale neglects the multi-scale hidden characteristics in rainfall time series. This study indicates that the variation in the entropy measures of residuals as scale factor increases can be obtained using MSE analysis. The study also establishes that MSE supports a more complete complexity analysis than does sample entropy using only one scale factor. Analyzing rainfall time series using MSE analysis also help to extract some of their hidden characteristics, due to its capability of expressing complex time series.
